
ht. 3. Heat Maw Transfer. Vol. 8. pp. 411-418. 

HEAT TRANSFER 

Pergamon Press 1965. Printed in Great Britain 

BY THE INDUCED FLOW ABOUT A 

ROTATING CONE OF NON-UNIFORM SURFACE 

TEMPERATURE* 

C. L. TIENt 

University of California, Berkeley 

(Received 15 July 1964 and in revised form 22 September 1964) 

Abstract-The present paper is concerned with the heat-transfer characteristics by the induced fiow, 
laminar or turbulent, about a rotating cone with non-uniform surface-temperature distributions. 
Consideration is first given to the theoretical calculation based on various existing theories. Discussed 
in details are the two cases: the power-law and the step-change surface-temperature distributions. The 
case of step-change distribution is further studied experimentally through the naphthalenesublimation 
technique. The step-change surface temperature is simulated by a step-change surface sublimation. 
Measurements of the sublimation rate from rotating cones of various vertex angles are made in both 
the laminar and turbulent flow regions. They are then compared with the predicted mass-transfer 
results obtained from the analytically established heat-transfer relation through the heat and mass- 

transfer analogy argument. 
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NOMENCLATURE 

radius of thermally insulated or imper- 
meable surface [ft] ; 
heat or mass-transfer area [ft2] ; 
dimensionless constant defined in equa- 
tion (4) ; 
dimensionless constant in the eddy- 
diffusivity profile [7], bz = O-0075; 
dimensionless constant defined in equa- 
tion (5); 
mass diffusivity of naphthalene vapor 
in air [ft2/s]; 
average heat-transfer coefficient [Btu/s 
fts degF’j ; 
local heat-transfer coefficient [Btu/s fts 
degPl ; 
thermal conductivity [Btu/s ft degJ?j ; 
average mass-transfer coefficient [Ibm/ 
ftsl; 
dimensionless constant defmed in equa- 
tion (2) ; 
dimensionless constant defined in equa- 
tion (10); 

* Since the completion of the present paper a number 
of closely related works have become available [16, 17, 
181. They will be mentioned only briefly in the paper. 
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dimensionless constant defined in equa- 
tion (5); 
rate of mass transfer [Ibm/s]; 
local Nusselt number at x; 
average Nusselt number; 
partial pressure of naphthalene vapor 
at Tw [lb/f@] ; 
Prandtl number ; 
local heat flux [Btu/s fts] ; 
gas constant for naphthalene vapor 
[ft lb/lbm degR] ; 
rotational Reynolds number evaluated 
at x0; 
rotational Reynolds number defined in 
(14); 
dimensionless constant defined in equa- 
tion (3); 
dimensionless constant defined in equa- 
tion (11); 
Schmidt number ; 

average Sherwood number defined in 
equation (16); 
dimensionless constant defined in equa- 
tion (4); 
dimensionless constant in the eddy- 
diffusivity profile [7], t2 = 0.54; 
temperature [OF]; 
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wali temperature [OF] ; 
freestream temperature [OF]; 
temperature defined in equation (7) 
VI; 
radial velocity component [ftls]; 
radial coordinate fft]; 
slant height of the cone [ft] ; 
integration variable in equations (1) 
and (9) [ft%] ; 
coordinate normal to the surface [ft]. 

Greek symbols 
a, half vertex angle of the cone [deg]; 
r, gamma function; 
A, dimensionless ratio (a/x); 
ho, dimensionless ratio (a/x$; 
fLl* dimensio~ess constant in equation (3); 
t% dimensionless constant in equation (11) ; 
V9 kinematic viscosity [ft2/s]; 
w, rotational speed [rad/s]. 

INTRODUCTION 

THE PROBLEM dealing with heat transfer by flow 
around rotating disks (i.e. cones of 180” vertex 
angle) and cones has received considerable atten- 
tion in recent years, partly because of its import- 
ance in practical applications but also due to its 
being a simple ideal model for theoretical and 
experimental investigations of tree-Dimensions 
boundary-layer characteristics. Extensive theore- 
tical investigations have been made on the 
laminar heat transfer [I, 2, 3, 41 and some semi- 
empirical and approximate theories have been 
developed to explain the turbulent heat-transfer 
characteristics [S, 6,7]. A number of investigators 
[5, 6, 8, 91 have also carried out experimental 
studies for both laminar and turbulent cases, 
and have obtained results in good agreement with 
prediction. In most existing theoretical and 
experimental works, however, results were 
obtained for the case of uniform surface tempera- 
ture. A few works [2,7, 10, 11, 12J* of theoretical 
nature have been concerned with non-isothermal 
disks and cones, but no experimental studies have 
ever been reported for those cases. 

The present paper is concerned with the heat- 
transfer characteristics by the induced flow about 
a rotating cone of non-uniform surface-tempera- 

* See also recent works 116, 17, 181. 
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ture distribution. Heat transfer in both Iaminar 
and turbulent flow regimes are under investiga- 
tion. Consideration is first given to the 
theoretical calculations based on various existing 
theories, which include the similarity solution of 
Hartnett Ill, 121, the approximate solution by 
use of Lighthill technique [13] and the modified 
Lighthill theory by Davies [7, IO]. Two cases 
are discussed: the power-law and the step- 
change surface-temperature distributions. In the 
experimental study, only the case of step-change 
distribution will be examined because of its 
simple experimentation. The ex~rimental model 
is a naphthalene-coated surface, from which the 
rates of sublimation are measured [6,8]. The rate 
of mass injection due to sublimation is so low 
that the process is equivalent to the heat-tr~sfer 
process from an impervious surface. The step- 
change surface temperature is simulated by a 
step-change surface sublimation from no sub- 
limation to sublimation. measurements from 
cones of various vex tex angles are made in both 
the laminar and the turbulent flow regions, and 
are compared with the predicted results. 

THEORETICAL CONSIDERATIONS 

The only existing solution concerned with heat 
transfer by the induced flow from non-isothermal 
rotating cones is that given by Hartnett [l 1, 121 
for laminar heat transfer from rotating cones of 
power-law surface-temperature distribution. The 
solution is an exact one for the non-dissipative 
laminar boundary layer and the restriction on 
the power-law temperature distribution arises 
from similarity consideration. There exists no 
similarity solution for other surface-temperature 
distributions. An approximate solution for any 
kind of surface-temperature distribution can be 
obtained through the Lighthill technique [13] 
which employs a linear velocity profile in the 
boundary layer and applies the von Mises trans- 
formation to the energy equation. The linear 
velocity profile, strictly speaking, is a valid 
approximation only for the case of large Prandtl 
numbers, although relatively good a~eement 
with exact solution has been demonstrated by 
Lighthill for a flat plate of uniform surface 
temperature in the moderate range of Prandtl 
numbers, i.e. PrandtI numbers of order of one. 
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The use of the Lighthill technique to the rotating- 
disk problem was first suggested and modified by 
Davies E7.101, by employing a power-law velocity 
profile. For the indu~d-how case the approxi- 
mate solution of Davies can be readily extended 
to the rotating-cone problem by the transforma- 
tion suggested by Wu [14] and Tien [3]. The 
approximate solution is of considerable im- 
portance as a result of its applicability to 
any s~face-temperature condition, however, its 
accuracy should first be assessed by comparing 
with exact solutions and experimental measure- 
ments. 

In the laminar, incompressible case, the 
approximate solution of Davies [IO] can be 
easily modified to give the local heat flux at a 
radial position x on the cone surface as: 

;( (x81 - X)i‘l-l [T&X) - To,] dX (1) 

where Kl = n-1 (2)-~1 (I + tr)rl(2 + tr)~l-r 

P&l) (sin ~17) k 

x h:-f= (2) 

and bl and tl are related to the radial-component 
velocity u by 

__ --.-s:_ -7------ 

surface-temperat~e distribution obtained nu- 
merically by Hartnett 1121. In general, the 
approximate solution based on a power-law 
velocity profile gives a reasonably good agree- 
ment with the exact solution in the range of 
moderate and high Prandtl numbers. At Prandtl 
,numbers of order of 100 or larger, however, the 
linear velocity profile does give better results 
than the power-law velocity profile. 

In practical applications, a step-change surface 
temperature is probably more common than the 
power-law one, but theoretically, there is no 
exact solution in this case. For a step-change 
surface temperat~e such as 

TW = T, for x < a, TV = To for x > a (7) 

Equation (4) is an approximate expression of the 
actual radial-velocity profile. The case of tr = 1-O 
and bl = 051, which gives KI = 0.207 and 
SI = 3.0, corresponds to the approximation of 
the linear velocity profile first suggested by 
Lighthill in the analysis of heat transfer for 
boundary layers over a flat plate. A better fit 
to the exact solution of velocity profile was 
suggested by Davies by letting tr = 0.67 and the approximate method as given in (1) yields 

bt = O-245, and consequently, Kl =: 0.159 and the following expression for the local Nusselt 

$1 = 3.20. 
number. 

For a power-law space-tem~rature dis- flu; = &sr (1 - ~si)(rx-l, P+f@-t1) (8) 

tribution and X = (a/x). The accuracy of the above solu- 
Tu, - Tcv = Bxm (5) tion will be discussed when the analogous 

the approximate solution in terms of the local 
Nusselt number can be obtained from (1) as: 

mm + ml1 b4 x prl,(2+tl) 

K1(* + 2, I?[(m + s1 + 2)/Sl] 

Shown in Table I is the comparison with the 
exact solution of heat transfer for a power-law 

Table 1. Comparisorr between exact and approximate 
solutions of laminar heat transfer from rotating cones of’ 

power-law surface-temperature distribvtions 
ZL ._ .__--- --- -- 

Pl m 

A!II., Nrc, (6) 
(Exact 1121) (tl = 0.67) 

1.0 
1.0 
I.0 

10 
10 
10 

i: 
100 

0 0.396 0.509 
4 0.769 0.869 

10 1,073 I.161 
0 1.13 1.21 
4 1.95 2‘06 

10 2.60 2.75 
0 2.69 2.85 
4 4.46 4.81 

10 5.95 6.50 

%z (6) 
(t1 = 1.0) 

-~ 

0.620 
1m1 
1.296 
1.33 
2.15 
2.79 
2.88 
4.65 
6.02 
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expression of mass transfer is compared with the From (9), the local Nusselt number for a 
mass-transfer measurements. An approximate power-law surface-temperature distribution is 
solution for Pr = 0.72 from integral method has 
been recently reported by Schnurr [ 181. Nu, = Kz 

For turbulent flows over rotating disks or 
cones, all existing heat-transfer calculations are 
of approximate nature. The friction-analogy 
calculation [5,6], which has been quite successful 

and for a step-change 

in correlating with the experimental data from 
tribution it is 

surfaces of uniform temperature, cannot be 
easily extended to take into account the effect of 
non-uniform surface temperature. Based on the 
same mathematical technique as in the laminar 
case, Davies [7] has given an approximate solu- 
tion for the limiting case when the disk surface is 
entirely covered by turbulent flow. To achieve 
such a solution, however, he employed a number 
of assumptions, among which are the power-law 
radial-velocity and eddy-diffusivity profiles and 
equal eddy diffusivities for momentum and heat. 
For the case of uniform surface temperature, the 
approximate solution has been found in good 
agreement with experimental data [8]. The local 
heat flux at a radial position x is given as 

q(x)=k(+)415Pr(g)$ 

:j (~82 - X)-l [T,(X) - Tm] dX (9) 

1 
s2 = J$ (2 - tz), p2 = 2 _ *2 (11) 

and b2 and cz are two matching constants in the 
power-law eddy-diffusivity profile and are given 
by Davies as OX)075 and 0.54 respectively. For 
the above values of bz and te, there follow KZ = 
0.0215, s2 = 3.8 and ~2 = 0.685. The value of 
Ks = 0.0253 has been implicitly given by Davies 
[7] and used by Tien and Campbell [S] in their 
comparison with experimental data, however, a 
recaiculation shows KZ = 0.0215. It should also 
be noted that due to a misprint, the expressions 
of Ki and Ke in Davies paper [7] should be 
divided by r. 

U(m + ~2)hl J&2) 
JXm + ~2 + s2 p2Ys21 

Pr ReE3 (12) 

surface-temperature dis- 

Nu, = Ke (1 - h%)~-r Pr Rec3 (13) 

where the rotational Reynolds number is defined 
as 

Rez E 
wx2 sin a 

V 
(14) 

In the special case of uniform surface tempera- 
ture (m = 0 or h = 0), both equations reduce 
to Nuz = KZ Pr Rez0’3. The results of the step- 
change case will be discussed with respect to the 
experimental measurements. 

EXPERIMENTAL APPARATUS 
The schematic of the experimental setup is 

shown in Fig. 1. The rate of sublimation from 
various conical surfaces rotating in air was 
measured in this experiment. The vertex angles 
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Fm. 1. Sketch of the experfmental equipment. 
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of the cones investigated were 60”, 90”, 120”, 
150” and 180” (disk). The cones were rotated 
at constant speeds ranging from 780 revlmin to 
loo00 rev/min, which correspond to a range of 
conditions from entirely laminar flow to that 
the outer 70 per cent of the surface area is covered 
by turbulent flow. For each run, the speed, the 
ambient temperature, time interval and mass 
loss due to sublimation were recorded. From the 
data obtained, the Sherwood number was cal- 
culated. Details of the experimental procedure 
and precautions follow closely those in the 
previous works [6, 81 and will not be repeated 
here. 

be obtained from the analytically established 
heat-transfer relation through the heat and mass- 
transfer analogy argument. For a step-change 
surface-temperature distribution, the average 
Nusselt number based on the local Nusselt 
number expressed in (8) and (13) is 

for laminar flow and 

% = ++ I&(1 - hz)ra (1 + ho)-1 Rei’8 Pr (18) 

for turbulent flow, where ho and Reo are evaluated 
at XO. Corresponding expressions of the average 
Sherwood numbers follow directly by replacing 
x and Pr by % and SC (Schmidt number) 
respectively. 

The present experiment differs from the pre- 
vious investigations [6, 81 in the use of non- 
uniform surface conditions. For a step-change 
surface-temperature distribution, the mass-trans- 
fer simulation is to have a conical surface of no 
sublimation in the central portion and sublima- 
tion in the outer zone. This was accomplished 
as follows : In the central portion of radius a of a 
naphthalene-coated cone, a cut of & in. deep 
was taken and was filled by painting in thin 
layers of the Duco Lacquer (made by E. I. Du 
Pont De Nemours & Co., Inc., Wilmington, 
Delaware) till it became in level with the rest 
of the surface. The paint was left overnight to 
dry and then the whole surface was machined 
smooth for experiment. Experiments were per- 
formed for various cones at two values of 
X0, AO = a/x0 = 0.25 and 0.5. 

The Schmidt number of naphthalene in air is 
2.40 at the average temperature 78°F in the 
present investigation. Appropriate calculations 
thus show the predicted Sherwood numbers as 

5 = 0.65 Rei’5 (ho = O-25) (19) 

a = 0.50 Reg5 (X0 = O-50) (20) 

for laminar flow with the Lighthill approximation 
of a linear radial-velocity profile and 

G ~ &xok- 4 = &I(1 - h$Pl (1 + ho)-1 

Ret.5 prll(s+tl) (17) 

?% == 0.56 Reg’5 (ho = O-25) (21) 

5 = 0.43 ReE’5 (ho = O-50) (22) 

EXPERIMENTAL RESULTS AND DISCUSSION 

The experimental values of average mass- 
transfer coefficient, kc, were calculated from the 

. . 
rate of subhmatlon, m,, through the following 
relation 

Kc = m,RvTwlP,,A. (15) 

The physical properties of the naphthalene were 
taken.from Table 2 of the paper by Christian and 
Kezios [15]. With the definition of average 
Sherwood number given as 

(16) 

The experimental values of ?% can be evaluated 
from the measured rate of sublimation m,,. 

The predicted average Sherwood number can 

for laminar flow with the approximation of a 
power-law velocity profile suggested by Davies. 
In turbulent fiow, the results are 

a = 0.03 16 Rez’8 (ho = O-25) (23) 

3 = 0.0248 Reg’a (ho = O-50) (2) 

The experimentd mass-transfer results for 
the rotating cones are shown in Fig. 2 for 
ho = 0.25 and in Fig. 3 for ho = O-5. The case 
ho = 0 corresponds to that of a uniform surface- 
temperature and the measurements were reported 
in references 6 and 8. The experimental data 
shown in Figs. 2 and 3 again indicate a different 
characteristic of mass-transfer results of the 60” 
cone from those of other cone models. The 
difference was explained by Tien and Campbell 
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FIG. 2. The variation of the average Sherwood number 
with the rotational Reynolds number for non-isothermal 

rotating cones (X0 = 0.25). 

[8] and Kreith and Kneisel [9] as a result of the 
breakdown of boundary-layer behavior in slender 
cones due to the large centrifugal forces acting 
normal to the cone surface. The experimental 
results of Kreith and Kneisel show that bound- 
ary-layer flow behavior exists for rotating cones 
having vertex angles larger than 80 degrees. 

It is expected that the mass-transfer results of 
60” cone do not agree with theoretical predic- 
tions as shown in Figs. 2 and 3, since all existing 
theories for flow and heat transfer over rotating 
cones are under the boundary-layer assumption. 
Relatively good agreement does result between 
the theory and the experimental measurements 
for the 180”, 150”, 120” and 90” cones. In the 
laminar range the Davies prediction based on 
a power-law velocity profile shows a better 
agreement with experimental results than that of 
Lighthill with a linear velocity profile. This 
confirms also with the conclusion reached from 
the theoretical consideration since the experi- 
ments were conducted at a moderate Schmidt 
number (SC = 2.4). Both theories yield higher 
values than measurements, but the deviation 
from Davies result is within 15 per cent as com- 
pared to the 30 per cent in the Lighthill case. 
This again agrees qualitatively with the general 
nature, as shown in Table 1, of the comparison 
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FIG. 3. The variation of the average Sherwood number 
with the rotational Reynolds number for non-isothermal 

rotating cones (X0 = 0.5). 

between exact and approximate solutions in the 
case of a power-law surface-temperature dis- 
tribution. 

The theoretical relation in the turbulent range 
as given in equations (23) and (24) are for the 
limiting case that all the conical surface is 
covered by turbulence. Since the upper limit of 
the rotational Reynolds number in the present 
experimental investigation corresponds to the 
situation the outer 70 per cent of the surface area 
is covered by turbulent flow, no direct comparison 
between theory and measurements is feasible. In 
theory, however, the predicted result should 
represent the asymptotic nature of the experi- 
mental data. The comparison shown in Figs. 2 
and 3 seems to indicate that the predicted result 
based on Davies technique is lower than the 
extrapolated asymptotic experimental result by 
about 20 per cent. This agrees qualitatively with 
the recent findings by Hartnett et al. [17], who 
made a critical comparison of various approaches 
for the turbulefit case. Similar deviation in the 
case of uniform surface temperature (ho = 0) 
should be observed if the correct value of K2 

(K2 = O-0215) were used [8]. The agreement 
must still be regarded as relatively good in view 
of the many physical assumptions made in Davies 
analysis [7]. 
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R&sum&-L’article conceme les caractbistiques de transport de chaleur par l%coulement induit, 
laminaire ou turbulent, autour dun cone toumant avec des distributions non-uniformes de tempera- 
ture de surface. On considere d’abord les calculs theoriques bases sur differentes theories existantes. 
Deux cas sont discut6s en details: les distributions de temperature de surface en puissance et en 
marche d’escalier. De plus, le cas de la distribution en marche d’escalier est Ctudit experimentalement 
a l’aide de la technique de la sublimation du naphtalene. La temperature de surface en marche d’escalier 
est simulee par la sublimation de la surface de meme allure. Des mesures de la vitesse de sublima- 
tion a partir de cones tournants de diffkrents angles au sommet sont faites a la fois dam lea regions 
laminaire et turbulente. Elles sont alors comparees avec les rbultats de transport de masse predits 
a partir de la relation de transport de chaleur Ctablie analytiquement a l’aide de l’analogie entre le 

transport de chaleur et le transport de masse. 

Zusammenf assung-Die vorliegende Arbeit befasst sich mit den W&rmetibergangseigenschaften bei 
der induzierten laminaren oder turbulenten Striimung urn einen rotierenden Kegel mit nicht gleich- 
fiirmiger Oberfl~chentemperaturverteilung. Zuerst wird die theoretische Rerechnung, die auf ver- 
schiedenen bestehenden Theorein fusst, betrachtet. Im einzelnen werden die zwei Fi%lle diskutiert: 
die Oberfliichentemperaturverteilung nach. dem Potenzgesetz und durch die schrittweise Anderung. 
Der Fall der Verteilung bei schrittweiser Anderung wird weiterhin experimentell mit der Naphtalin- 
Sublimations-Technik untersucht. Die schrittweise veranderte Oberfliichentemperatur wird durch eine 
schrittweise gegnderte Sublimation an der ObertUche simuliert. Messungen der Sublimationsge- 
schwindigkeit an rotierenden Kegeln mit verschiedenen t)ffnungswinkeJn werden sowohl im laminaren 
als such im turbulenten Stromungsbereich durchgeftihrt. Sic-werden dann mit den vorhergesagten 
Ergebnissen des StotRiberganges verglichen, die sich aus der analytisch belegten Beziehung ftir den 

Warmetibergang fiber den Analogiebeweis ftir den Witrme und Stoffibergang ergeben. 



418 C. L. TIEN 

AEHOT~-B CTaTbe IIpWBO~RTCH XapaKTepHCTllKll Tennoo6mena IlpU JIaMHHapIiOM MJIM 
Typ6yJleHTHOM 06TeKaHaZi BpanlalO~erOCfi KOHyCa C HepaBHOMepHLSM paCllpeReJleHKetd 
TeMnepaTypnHanOBepXHOCT~.CIIa~anapaccnaTplzBamTcR~aHHbIeTeopeTIlsecKaxpacueToB, 
OCHOBaHHblX Ha paaJIHVHbIX Cyl4eCTByIOUMX TeOpMFIX. flOnpO6HO paa6KpaIoTcs ABa CJIyqaH: 
CTeIleHHOa aaKOH EI CTyneHYaToe pacnpegeneme TeMnepaTypbI IIOBepXHOCTLl. CnyqaP 
CTyIIeHqaTOrO paCIIpeAeJIeHHf3 3aTeM H8yqaJICR 3KCIIepHMeHTaJlbHO Ha yCTaHOBKe AJIf3 cy6nw 

Maqm Ha@TamiHa. CTynemaToe pacnpeAeneHMe TeMnepaTypbI MogenKpyeTcR cTyneHsaToil 
cy6nmauwet. I4aMepeHm CKO~OCTA cy6nmaqmi BpawaIouaxm KOH~COB c paammmm 

yrJIaMH IIpU BepUIUHe IlpOBOAUJWCb nJIJ3 06naCTu KaK JlaMHHapHOI'O, TaK I! Typ6yJIeHTHOI'O 
IIOTOKOB. nOTOM OHH CpaBHLiBaJIIlCb C pe8yJIbTaTaMH paCqeTOB MaCC06MeHa,IIOJIyYeHIILdMYI Ei3 
aHaJIHT%iqeCHM YCTaHOBJIeHHbIX COOTHOUIeHHti TeIIJIOO6MeHa (IIOJIb3yJ?Cb FlHa.TOIWet MelKAy 

TeIIJIO-II MaCCOO6MeHOM). 


